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Abstract Linkage estimation and genetic map construc-
tion with genotyped DNA markers in plants preferentially
employ a few maximally informative early-generation or
recombinant-inbred mating designs. Fitting their recombi-
nation models to unconventional designs adapted to cultivar
development (series of backcrossing, selfing, haploid-
doubling, random-intercrossing, and sib-mating steps)
distorts single- and multipoint linkage estimates even with
dense marker coverage. Two methods are provided for
correct linkage estimation in unconventional designs: fit-
ting a correct multigeneration model, or correcting the
estimates produced by fitting a one-generation model with
any conventional software. These methods also support
calculation of multilocus genotype frequencies and QTL-
genotype distributions and are available in software.

Introduction

Constructing a multilocus genetic map in plant species,
using DNA marker phenotype data, is now routine.
Favored research mating designs are those maximizing
informative meioses or minimizing development time.
Among these are F,, BC;, and F,-doubled-haploid designs,
as well as recombinant inbred lines or RILs modeled as
having been selfed or sib-mated to full homozygosity
(Haldane and Waddington 1931; Martin and Hospital
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2006), and advanced intercross lines or AILs (Darvasi and
Soller 1995; Falque 2005; Liu et al. 1996; Rockman and
Kruglyak 2008; Teuscher and Broman 2007; Winkler et al.
2003). In cultivar development the need to combine genetic
discovery with breeding progress may lead to the use of
any of a large class of “unconventional” mating designs
(henceforth UMDs), defined here as arbitrary series of
backcrossing, selfing, haploid-doubling, random-inter-
crossing, and/or sib-mating steps. Linkage in UMDs is
wrongly estimated under standard genetic recombination
models, but correct models have not been elaborated in any
published work known to the author.

What errors might be expected from a mismatched
recombination model? An estimate r of the recombination
probability 6 between a pair of loci is based on the ratio of
the estimate g of the number y of meiotic crossovers
between those loci to the estimate m of the number y of
recombinationally informative meioses in the mating
design. These are meioses in which recombination could
potentially be observed, and require heterozygosity at both
loci. All meioses are recombinationally informative in F,
backcross or selfing designs, but not in UMDs. Underes-
timating u or y will bias recombination estimates in
opposite directions, spuriously and nonlinearly expanding
or contracting single- and multipoint distances. Locus
order, in contrast, should be insensitive to the choice of
model. Ordering can be based solely on g and carried out
via seriation, minimum-spanning-tree (Wu et al. 2008) or
other algorithms (for an overview see Wu et al. (2007),
p- 72), since m, however, inaccurately estimated, will have
a nondecreasing relationship with p. Our focus here is on
linkage and not on map ordering.

Correct linkage and QTL analysis in UMDs as in all
mating designs bear directly on decisions governing mar-
ker-assisted selection. One strategy employing UMDs for
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accelerated cultivar development is “advanced backcross-
ing” (Tanksley and Nelson 1996), inspired by an earlier
scheme of Wehrhahn and Allard (1965). Here genetic
analysis is begun after one or more backcross and selfing
steps, commonly in a wild x cultivated cross where novel
alleles are sought. The later authors proposed limited
selection, apt to cause only local distortion in linkage
estimation near genes governing the selected trait. In many
reported advanced-backcrossing studies (Blair et al. 2006;
Huang et al. 2004; Li et al. 2005; Ramchiary et al. 2007,
Septiningsih et al. 2003a; Septiningsih et al. 2003b;
Stevens et al. 2007; Thomson et al. 2003), linkage analyses
have been based on an early-generation model available in
conventional linkage and/or QTL-analysis software. Some
researchers avoid these analyses and conduct only single-
marker QTL tests (Gyenis et al. 2007; Naz et al. 2008),
sacrificing some genetic map information.

Random-intercrossing steps, which prolong the recom-
binational mixing of alleles without altering allele or
genotype frequencies, might be found useful in a mapping/
breeding experiment if an analytic linkage treatment were
available. Sib mating might be required in dioecious or
nonhermaphroditic species. Genetic analysis of UMDs has
not dealt with such steps, though designs featuring only
intercrossing followed by selfing to homozygosity have
attracted study (Darvasi and Soller 1995; Falque 2005; Liu
et al. 1996; Rockman and Kruglyak 2008).

A suitable method for constructing QTL-genotype dis-
tributions would generalize interval mapping to any mating
design. Interval QTL mapping requires these distributions
conditional on flanking-marker genotypes. To compute
them with incompletely informative markers, Jiang
and Zeng (1997) presented a Markov-chain algorithm
employing matrices of genotype transition probabilities
between adjacent loci, giving no general method for the
construction of these matrices. Potential error in QTL
position and effect estimation arising from use of incorrect
conditional QTL probabilities in advanced-generation sel-
fing designs was demonstrated by Kao and Zeng (2009).
These authors used numerical transition matrices of
dimension 36 to generate these three-locus diplotype
(multilocus genotype on both chromosomes, in contrast to
haplotype) probabilities numerically. This approach was
similar to that of Fisch et al. (1996), whose purpose was the
construction of QTL genotype probability distributions in
generation F, based on flanking-marker genotype data from
some preceding generation F,.

Linkage analysis as well as marker-based selection in
UMDs requires prediction of multilocus genotype proba-
bilities in advanced generations. A method based on
recurrence equations for computing such probabilities in
some designs when r values are given has been described
(Hospital et al. 1996). But like the numerical matrix
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methods described above, such methods are not adapted to
linkage estimation, since they would require, for each of
many proposed values of r, extensive matrix multiplication
for recreating haplotype probabilities starting at the F,
generation. Purely algebraic probability expressions com-
puted only once and thereafter evaluated as often as desired
for the unknown variable would have obvious advantages.

This study was undertaken to develop, for unconven-
tional mating designs following a diploid line cross, correct
and practical methods for linkage estimation, and to assess
the consequences of mismatch between genetic model and
mating design.

Methods
Assumptions

We assume no extensive selection affecting marker-allele
frequencies, no crossover interference, and independence
of meiotic behavior from generation (invariance of 6 to
genetic environment), or similar consequences of these
phenomena for all mating designs. We assume the appli-
cation of the same mating steps to all progeny of a cross
between two parents homozygous at all genetic loci.

Need of a recombination probability model
for linkage estimation

Linkage estimation involves fitting a recombination model
to a real data set and maximizing the likelihood of the
observed segregation of marker phenotypes by an iterative
process. One such is the expectation—maximization (EM)
algorithm described in Lander and Green (1987), which
iteratively alternates between estimating the number of
crossovers and estimating € at a pair of loci, given
observed progeny marker genotypes and a two-locus seg-
regation-probability-distribution model expressed as func-
tions of 0. A second familiar method (Liu 1997; Wu et al.
2007) maximizes the data likelihood given the segregation
model, without need of a crossover model, by finding a
zero of the derivative of the log likelihood. Both of these
direct methods require a model for the distribution of two-
locus diplotypes, precisely what is lacking for UMDs.

It is well known that numerical genotype probabilities
may be generated from a vector of F; probabilities by
multiplication with real-valued genotype—genotype transi-
tion matrices. Using conventional AB notation for
expressing two-locus genotypes, we may define back-
crossing matrix Wp (with the recurrent parent defined as
homozygous for the lower-case allele at every locus), sel-
fing matrix W5, and haploid-doubling matrix ¥Wp in
Tables 1, 2, 3. Defining F; genotype distribution vector
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mr, =[000010000 O]T (the superscript denoting the
transpose), we can produce the distribution resulting from
any desired sequence of B, S, or D steps. For example, for
two backcrosses followed by three selfs,

Tipbsss = Y'sVPsWs'Pe'Wenr, . (1)

Hitherto, this Markovian calculation has been carried
out with scalar probability matrices after substitution of 0
with a numerical value. But generality and speed are much
increased by purely algebraic multiplication, yielding as
product a vector of polynomials in 6 that can then be
evaluated by substitution of any desired value for the
variable.

Polynomial matrices for genetic algebra

Polynomial matrices (here denoted by Greek letters) allow
matrix operations on polynomial probability expressions in

Table 1 Backcross transition operator matrix ¥y

0. They obey the same rules of matrix multiplication and
addition as do scalar matrices (Roman letters), except in
forming cell products. Each cell contains a vector of real
values representing polynomial coefficients; thus (1 — 0)* is
described as [1 -2 1]. This vector follows the rules of poly-
nomial multiplication, where the zth term of the product of m
and nis calculatedasp, = > _y <y, —. , My, With the
Ns denoting the numbers of terms in the vectors to be multi-
plied, and the length of the product vector equal to
N,, + N, — 1. This is only grade-school arithmetic in base 6
instead of 10 and without the carry operation.

Each element of a polynomial matrix such as m can be
numerically evaluated by multiplication with scalar vector
@, containing powers of r (in the example, ¢, = [r° r!
*1"). This operation is expressed as 7 o” ®,, where ®, is a
matrix of the same dimension as m each of whose elements
is @,, ° denotes elementwise multiplication at the matrix
level, and ¥ denotes vector, rather than polynomial, multi-
plication at the cell level.

aabb Aabb AAbD aaBb AaBb aABb AABbD aaBB AaBB AABB
aabb 1.0 0.5 0 0.5 05(1 -0 0.50 0 0 0 0
Aabb 0 0.5 1.0 0 0.50 05(1 — 0 0.5 0 0 0
AAbb 0 0 0 0 0 0 0 0 0 0
aaBb 0 0 0 0.5 0.50 05(1 —60) 0 1.0 0.5 0
AaBb 0 0 0 0 05 -0 0.50 0.5 0 0.5 1.0
aABb 0 0 0 0 0 0 0 0 0 0
AABb 0 0 0 0 0 0 0 0 0 0
aaBB 0 0 0 0 0 0 0 0 0 0
AaBB 0 0 0 0 0 0 0 0 0 0
AABB 0 0 0 0 0 0 0 0 0 0

Each entry describes the probability of occurrence of the row-labeled two-locus genotype in progeny of a backcross of a parent carrying the
column-labeled genotype to a parent carrying genotype aabb. 0 is the true meiotic crossover probability between the two loci. Boldface terms

denote transitions involving one crossover

Table 2 Selfing transition operator ¥g

aabb Aabb AAbb aaBb AaBb aABb AABb aaBB AaBB AABB
aabb 1.0 0.25 0 0.25 0.25 — 0.50 + 0.250>  0.250> 0 0 0 0
Aabb 0 0.5 0 0 0.50 — 0.560* 0.50 — 0.50° 0 0 0 0
AAbb 0 0.25 1.0 0 0.250* 0.25 — 0.50 + 0.256> 025 0 0 0
aaBb 0 0 0 0.5 0.50 — 0.56> 0.50 — 0.50° 0 0 0 0
AaBb 0 0 0 0 0.5 — 0 + 0.50° 0.50> 0 0 0 0
aABb 0 0 0 0 0.50* 0.5 — 0 + 0.50° 0 0 0 0
AABb 0 0 0 0 0.50 — 0.56> 0.50 — 0.50° 0.5 0 0 0
aaBB 0 0 0 0.25 0.256> 0.25 — 0.50 + 025> 0 1.0 0.25 0
AaBB 0 0 0 0 0.50 — 0.50* 0.50 — 0.56> 0 0 0.5 0
AABB 0 0 0 0 0.25 — 0.50 + 0.250°>  0.2560* 0.25 0 0.25 1.0

Each entry describes the probability of occurrence of the row-labeled two-locus genotype in selfed progeny of a parent carrying the column-
labeled genotype. Boldface terms denote transitions involving one or (if underlined) two crossovers
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Table 3 Doubled-haploid transition operator ¥p

aabb Aabb AAbD aaBb AaBb aABb AABb aaBB AaBB AABB
aabb 1.0 0.5 0 0.5 05(1 -0 0.50 0 0 0 0
Aabb 0 0 0 0 0 0 0 0 0 0
AAbb 0 0.5 1.0 0 0.50 05(1 — 0 0.5 0 0 0
aaBb 0 0 0 0 0 0 0 0 0 0
AaBb 0 0 0 0 0 0 0 0 0 0
aABb 0 0 0 0 0 0 0 0 0 0
AABb 0 0 0 0 0 0 0 0 0 0
aaBB 0 0 0 0.5 0.50 05(1 —6) 0 1.0 0.5 0
AaBB 0 0 0 0 0 0 0 0 0 0
AABB 0 0 0 0 05(1 -0 0.56 0.5 0 0.5 1.0

Each entry describes the probability of occurrence of the row-labeled two-locus genotype in doubled-haploid progeny of a parent carrying the
column-labeled genotype. Boldface terms denote transitions involving one crossover

Calculation for random intermating

Computation of genotype distributions following a random-
intermating step employs transition matrix Aj (Table 4),
which has been given a different symbol because, unlike P,
it describes the transition from diplotype to haplotype
(gametic) probabilities. Indexing generations with #, the new
genotype vector is formed as

T;11 = pool (Aln,(AIn,)T>

where matrix-rearrangement operation pool forms the sums
of the six symmetrically paired off-diagonal entries of the
4 x 4 product, representing reciprocal crosses, and
composes them, with the four on the main diagonal, into
the ten rows of m,, .

Calculation for sib mating

For computing the generation transitions for full-sib mating
(which we will encode as X), we note first that each col-
umn ¢, in the ¥, diplotype—diplotype transition matrix
(where e denotes B, S, or D as above or I as shown below)
describes the conditional diplotype probabilities within a
full-sib family generated by the e¢ mating operation applied
to diplotype g in the previous generation (an X operation
applied to the F; is simply replaced with the identical S).

Table 4 Intercrossing transition operator Ay

Our purpose is to generate the corresponding gth column in
¥ () by intermating the sibs in all possible and reciprocal
combinations and accumulating the progeny diplotypes.
For any non-sib-mating step followed by any number of sib
matings only one transition, composing the entire series of
steps, will be applied to update the = state vector.

We compute c,c;, a 10 x 10 matrix of polynomial
probabilities that for most g will be mostly zero. Consider
the 1 x 1 product of the ith and jth elements cgc,;. The
haplotype probabilities for this sib mating are given in the
ith and jth columns of ¥; (Table 4). Their outer product
gives the progeny diplotype probabilities and pool rear-
ranges these into a 10 x 1 vector g ). The weighted
sum

cicj (POOZ (A A [J])T)
i=1..10)=1...10

of all of these g vectors gives the gth column of the one-
generation sib-mating transition from a generation pro-
duced by mating operation e. The transition matrix for
multiple sib-mating steps in succession is computed by
recurrent application, to each column, of the two steps
described: generating all nonzero pairwise probabilities for
sibling diplotypes and using them as weights for summing
the corresponding vectors of progeny probabilities. For
sib mating following random intermating we construct

aabb Aabb AADbD aaBb AaBb aABb AABb aaBB AaBB AABB
ab 1 0.5 0 0.5 0.5 — 0.50 0.50 0 0 0 0
Ab 0 0.5 1 0 0.560 0.5 —0.50 0.5 0 0 0
aB 0 0 0 0.5 0.50 0.5 — 0.50 0 1 0.5 0
AB 0 0 0 0 0.5 — 0.50 0.50 0.5 0 0.5 1

Each entry describes the probability of occurrence of the row-labeled two-locus gametic genotype arising from a parent carrying the column-
labeled genotype. Boldface terms denote transitions involving one crossover
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Table 5 The joint distribution
Genotype Crossovers

I's of two-locus genotype and

crossover number in the F, 0 1 2

generation of a line cross
aabb 0.25 — 0.50 4 0.256* 0 0
Aabb 0 0.5 — 0.50 0
AADb 0 0 0.256*
aaBb 0 0.5 —0.50 0
AaBb 0.5 — 0 + 0.56° 0 0
aABb 0 0 0.50°
AABb 0 0.5 — 0.50 0
aaBB 0 0 0.250*
AaBB 0 0.5 — 0.50 0
AABB 0.25 — 0.50 + 0.250* 0 0

diplotype—diplotype transition matrix ¥y whose gth column
is computed as pool(Al[,gJ(AIn,)T). This construction was
skipped in the random-intermating section above because
families did not need to be kept distinct.

Calculating linkage in UMDs by the correction method

To obtain an expression allowing the correction of linkage
estimates made for UMDs under conventional models, we
must determine the relationship between linkage estimates
under the same two-locus-segregation model applied to
different observed genotype segregations. To do this, we
can decompose the mr, genotype distribution according to
the numbers of crossovers represented by each of the ten
possible two-locus genotypes, to form the joint diplotype
and crossover-number distribution I's shown in Table 5.
Addition of the crossover numbers scaled by their proba-
bilities will yield y. In matrix terms, y = 1I'sc, where 1, ¢
is a summing vector and c¢ is crossover vector [0 1 2]T.
Since y = 20 and u = 2, the linkage is 0 under the F,
model when the true matches the expected genotypic
segregation.

Now suppose we rescale the segregation to some design
e while preserving the F, genotype-conditional crossover
probabilities in I's. We can do this by constructingz,,
forming the elementwise product é = ng* o m, where mg*©
contains the reciprocals of the elements of =g, and

recomputing the expected crossover number as 7y, =

0"T'sc and the r,s) as 7,s)/2. This expression in 0 predicts
the r that will be estimated under the F, recombination
model when the observed segregation is that of mating
design e. Thus, for design bs, ryss) = 0(2 — 0)/2. All such
resy = fl0,), or r.my=f(0,) for designs ending in a
backcross, are seen to be polynomials with alternating
signs on the coefficients, as illustrated in Fig. 1 for selected
UMDs. Though in the example 05y may be calculated as

-1
S ross)) = 1=
given r is easier than algebraic function inversion for
converting single- to multigeneration linkage estimates.

1 — 2rg(s), numerically solving for 6

Calculating linkage in UMDs by the direct method

Either of the direct-estimation approaches reviewed at the
top of the Methods section may be used in UMDs. Only the
second, for which the computation is simpler to describe
because no crossover model is needed, is outlined here.

The likelihood equation is L = Hiv’ pfcv" where N,, denotes
the number of observed marker-phenotype classes, p; the
corresponding probability term (or sum of terms, in case of
dominant markers) in n., and N, the observed frequency of

the class in the data. Then logL = Zgil Nypr and,
expressing each p; as polynomial function f; (0),
d(logL)/d0 = ZkNi1 Ni(dfi(0)/fi(0)d0), where differenti-
ation is also done algebraically. This expression is set to 0
and solved for 6. The only novelty here is the production of
the necessary m, and derivatives by purely algebraic
computation.

Multipoint linkage estimation in UMDs

The likelihood of a multipoint map is maximized over a
chain of ordered loci via the hidden-Markov model of
Lander and Green (1987). Its implementation in the soft-
ware CarthaGene (de Givry et al. 2005) computes, in the E
step, g for each individual in each interval in turn, maxi-
mizing the likelihood over genotype and crossover number.
The M step updates the r for each interval. The modifica-
tion necessary for UMDs is maximization over crossover
numbers higher than the conventional 1 or 2. This requires
for mating design e a joint distribution I', of two-locus
genotype and crossover number, whose construction is
omitted here for brevity.
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Fig. 1 Theoretical fidelity of linkage estimates made with a one-
generation model in multigeneration mating designs. Horizontal axis:
true crossover probability 0 or Haldane distance depending on the
plotted curve. Black curve shows the r estimate of 6 (computed from
the equation at top of each panel) and black patterned curve shows the
Haldane distance corresponding to r plotted against that correspond-
ing to 0 under a BC; model (a: bbb design) or an F, model (b: bs; c:
bbs, d: bssss, e: ss, f: sbiiss), where b, s, and i denote backcross,

Experimental methods
Software implementation

Algorithms described above were implemented in Perl
(available from the author or http://coding.plantpath.ksu.
edu/exotic_linkage/Exotic_linkage.html) for demonstrating
and applying the correction method and displaying the
correction expression and fidelity profile for any desired
design. They were also implemented in CarthaGene 1.2.1
for direct single- and multipoint linkage analysis of
UMDs, while QGene 4.0 (Joehanes and Nelson 2008) was
adapted for population simulation and QTL mapping in
UMDs.
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selfing, or random intercrossing steps in a mating series. A bb, not
shown, is equivalent to a bs design with respect to average estimation
error (see text). Dotted diagonal line corresponds to correct estima-
tion. Dotted vertical segment indicates the r estimated at the average
distance between adjacent loci in simulated maps. Solid gray diagonal
indicates the expected extension, under multipoint mapping, of the
corresponding distance distortion to all intervals, whether or not
between adjacent loci

Simulation of populations under UMDs

For assessing the effects of linkage model on multipoint
map fidelity, five UMDs were simulated, of which four,
bbs, bs, bssss, and ss (S designs) ended in a selfing and
one, bb (B design) in a backcrossing step. For each design
two levels (0, 20) of missing-marker percent and for
S designs two levels (0, 20) each of maternal and paternal
dominant marker percent were imposed. QGene was used
to simulate 50 replicate datasets for 100 progeny for each
parameter set. Each data set of a mating design was sim-
ulated from the same set of linkage relationships (“map”)
among 20 markers randomly placed along a 120-cM
chromosome.


http://coding.plantpath.ksu.edu/exotic_linkage/Exotic_linkage.html
http://coding.plantpath.ksu.edu/exotic_linkage/Exotic_linkage.html
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Prediction of linkage estimates under UMDs

Without use of simulation, the correction method was
employed to predict, for the simulated UMDs (except that
the bb was substituted with a bbb design because mises-
timation and correction are identical for bb and bs), the
r that would be estimated for a conventional model mis-
matched to the mating design, for all values of 6 between 0
and 0.5. The sbiiss design was included to show the
application of the calculation method to an intercrossing
design not simulated in the mapping experiment.

Multipoint map construction

Two recombination models were fitted: the correct multi-
generational model, and an F, or BC; model for S and
B designs, respectively. Multipoint orders and distances were
calculated with CarthaGene in script-driven mode. The
ordering method was mfinapd, a seriation method based on
pairwise genetic distances, followed by flips, a series of suc-
cessive permutations of 5-adjacent-marker groups aimed at
finding orders of increased likelihood and applied until
improvement ceased. This fast method usually produces a
map identical to those from more elaborate methods.

Measures of map fidelity

The fidelity of ordering and distance estimation with respect to
the known true order and pairwise marker distances was
assessed with order and distance statistics. The order statistics
were the sum of absolute values of differences between the
assigned and the correct rank of a marker (sum absolute rank
difference, SARD) and Kendall’s tau coefficient (Van Os et al.
2005). Both are nonparametric order statistics, the first taking
its minimum value of 0 under perfect correspondence and the
second ranging between 1 for perfect and —1 for reverse cor-
respondence. For either, the statistic was calculated for both
forward and reverse orders and the value closest to that rep-
resenting perfect correspondence was taken. The distance
statistic was the estimated distance between each pair of
markers, averaged for each distinct value of the true distance
within each parameter set.

Results

Predicted linkage distortion in UMDs
under an incorrect model

Plotting the predicted » and its Haldane distance transfor-
mation against 6 and its distance for six UMDs (Fig. 1)
shows consistent misestimation of » when a one-generation
recombination model is applied for linkage estimation. In

these plots the diagonal broken line corresponds to perfect
correspondence of the estimate r with the true value 0.
Misestimation is seen to vary nonlinearly with 6 and
sometimes (Fig. 1d, f) to pass from over- to underestima-
tion in the same design. These plots show that in UMDs,
typically in only a narrow range of 0 are linkage and dis-
tance estimates made under the wrong model expected to
be correct, and that they may err by twofold or more.

Observed multipoint map order under
an incorrect model

Because SARD and tau statistics for the multipoint maps
showed similar trends, only SARD is presented. Designs
with fewer generations and fewer backcrosses showed more
order fidelity (Fig. 2); the bbs design produced the most
distortion even under the correct model. Model correctness
did not affect fidelity, irrespective of data incompleteness.

Observed interlocus map distance under
an incorrect model

Application of an incorrect model resulted in over- or
underestimation of interlocus distances (Fig. 3) compara-
ble with the theoretical predictions of Fig. 1. The correct
model approximated the true distances in all designs, with
some divergence in the bbs and bssss. Incomplete data
owing to dominant and/or missing marker genotypes
increased the dispersion of distance estimates but not their
average values (result not shown).

Discussion

Relative fidelity of map ordering among different
UMDs and models

Linkage-estimation error showed, as predicted, negligible
effect on ordering. Differences among designs in the fre-
quency and magnitude of ordering errors were associated
more with the information content of the design (half of
mapping information being lost at any backcross step) than
with its correct modeling. In practice, ordering error may
arise from noisy or missing marker data, the concern of Wu
et al. (2008). Their algorithm is subject to the same link-
age-estimation errors in UMDs as are all others lacking a
UMD model.

Single- and multipoint distance misestimation
The one-generation model overestimated distances in

UMDs dominated by selfing, evidently owing mainly to
underestimation of u, while underestimating distances in
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Fig. 2 Observed effects of mating design, correctness of genetic
model, and completeness of simulated data on multipoint genetic map
order in two sets of mating designs. SARD: sum of absolute rank
differences; low values correspond to fewer order inversions and
hence higher mapping fidelity. Values for 50 maps for each parameter
combination are plotted in ascending order. a Effects of model
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Fig. 3 Effect of mating design, correctness of genetic model, and
completeness of data on multipoint genetic map average interlocus
distances from simulated data in five mating designs. a Effects of
model (wrong: b model, right: bb model) and proportion (0, 0.2) of
missing data on estimated interlocus distance in bb (BC,) mating
design; b effect of model (wrong: s model, right: model matching the

those with more backcrossing steps owing to underesti-
mation of y. In longer S mating series the correct model
still slightly overestimated distances. Two-point estimates
cannot account for multiple crossovers in nonadjacent
marker intervals, accumulating over meioses.

Why do map distances show a linear relationship for
multipoint linkage (Fig. 2) but a nonlinear one for single
linkage (Fig. 1)? The first of these figures describes all
pairwise distances in the calculated maps. Because the
multipoint algorithm maximizes linkage likelihood only for
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respective design) on estimated interlocus distance in bs, bbs, bssss,
and ss designs. In all plots, the estimated interlocus distance, averaged
for each distinct value of the true distance, is plotted against true
distance for all pairs of loci, whether or not adjacent. Diagonal line
shows the equality expected under perfect estimation. Effects and
labels are as described for Fig. 2

adjacent loci, average distance misestimation will reflect
average adjacent-interval size and will accumulate linearly
across multiple loci. In the simulated maps the average
interval size was around 5 cM, and accordingly in Fig. 1 a
line from the origin through the distance corresponding to r
when the distance corresponding to 0 is 0.05 resembles the
trend lines in Fig. 2. But for individual two-point linkage
estimates, distortion under the wrong genetic model is
nonlinear, as is obvious from the polynomial correction
expression.
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It is close and not distant genetic linkage that is of
practical interest, and Fig. 1 shows that increased marker
density need not improve recombination estimates made
under an inappropriate model. In most of the example
designs the slope of the fidelity curve at O is still far from 1.
Applications that depend on accurate linkage estimates,
even over short intervals, should take this result into
account.

Choosing estimation algorithm and software
for a mating design

The linkage algorithm presented applies to conventional
designs as well as UMDs. However, in some cases fast
shortcuts are available. RIL designs should be handled with
the Haldane and Waddington (1931) correction, improved
by Martin and Hospital (2006). AILs may be treated as
RILs followed by distance correction (Falque 2005). Car-
thaGene, besides handling all UMDs by the direct method,
provides a “boosted” algorithm for fast mapping in RIL
and BC; designs. But any linkage or mapping software
offering BC; and F, recombination models may be used for
linkage estimation or genetic map construction in any
UMD according to a simple rule: if the design ends with a
selfing or intercrossing step, use the F, model, and if in a
backcross or haploid-doubling step, the BC; model. Each
adjacent-marker interval in the output must then be cor-
rected, using the resources described above or a spread-
sheet-based numerical solver provided with the correction
expression that may be obtained from them.

Extensions of the linkage-estimation algorithm
To accommodate other mating systems

The matrix machinery for calculating genotype probabili-
ties could be used with advantage to simplify and accel-
erate the numerical computation described by other authors
(Fisch et al. 1996; Kao and Zeng 2009). It could also be
extended to designs more complex than line crosses in
diploids, possibly accommodating more allele combina-
tions, higher ploidy levels, and intermating among families
descended from different crosses.

To compute hidden-genotype distributions

The transition matrices needed for computing QTL and
other missing-genotype distributions by the algorithm of
Jiang and Zeng (1997) can be obtained from = by condi-
tioning on the genotype of either of the two component
loci; for example, probability Pr(Gg = BB |G, = aa) =
Pr(Grg = aaBB)/Pr(GL = aa).

To compute multilocus genotype distributions

The expected probability of occurrence of any linearly
ordered set of L loci for which recombination probabilities
ri, r2,..., r;_1 may be specified is readily calculated. Fast
one-time construction of = by means of Eq. 1 is followed
by substitution of the ;s to yield the unconditional geno-
type probability vector for each interval. Next, each two-
locus probability entry in every vector but the leftmost is
conditioned on the left-hand genotype term. Thus, the
entries for aabb, aaBb, and aaBB are divided by their sum,
as are the entries of the form Aaxx and AAxx. Now the
probability of any given multilocus genotype may be cal-
culated as the products of these terms, chained by the
shared genotype at each locus. For example,

Pr(AabbCcDD) = Pr(Aabb)Pr(bbCc|bb)Pr(CcDD|Cc),

where the conditioning expression Igg is taken to mean
“given genotype gg at the left-hand locus”. The calculation
is easily extended to multiple chromosomes under the
assumptions of independent assortment and, where appli-
cable, additive gene action.

Conclusions and perspectives

Elegantly derived algebraic expressions given in works
such as Teuscher and Broman (2007) for haplotype prob-
abilities in specialized intermated RIL populations appear
fully adequate for linkage and QTL computation in the
mating designs they address, all involving mating to fixa-
tion for the production of immortal research populations.
What the use of symbolic transition matrices offers, by
expressing each design as the sequential application of
individual steps and abstracting out the recombination
parameter, is the automatic determination of haplotype
probability expressions for a far greater assortment of
mating designs not necessarily ending in fixation. This
approach may reduce the requirement for manual deriva-
tion of estimators for novel designs. It also directly gen-
erates the expression r, = f(f), whose derivative, as
explained by the above authors, quantifies the map
“expansion” associated with analysis of UMD e as a sin-
gle-generation design.

Inference over increasing numbers of mating steps,
particularly those including backcrossing, can reduce
information by increasing the variance of linkage esti-
mates; all linkage-estimation methods are asymptotic at
best. But while the methods developed here are intended
for linkage and QTL analysis aimed at marker-assisted
selection in individual crosses, unconventional mating
designs also provide linkage evidence that may be of value
for meta-analyses of multiple crosses. The increasing
application of high-throughput marker genotyping and
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genomic selection may reduce, though not eliminate, the
importance of biparental linkage and interval-QTL-map-
ping experiments.
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